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Recall:

Anyons can be created, braided, and fused.

ime S S
\ a b

Goal:

Describe the theory of anyons in “completely” elementary ways with
physics motivation.
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Algebraic Description of Anyons

An anyon system is characterized by the following data.
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* Types of anyons
L=H{a,b,c,---}

. | L| < oo is called the rank of the theory.
. The vacuum/ground state: 1 € L

. The anti-particles define an involution (- ) : L — L.

a € L is the anti-particle type of a

(-)=() 1=1

38



Algebraic Description of Anyons
An anyon system is characterized by the following data.

* Types of anyons
L=H{a,b,c,---}

. | L| < oo is called the rank of the theory.
. The vacuum/ground state: 1 € L

. The anti-particles define an involution (- ) : L — L.

a € L is the anti-particle type of a

(-)=() 1=1

Example: Fibonacci theory Fi1b

L={1,7t}, 7=7
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* Fusion rules
Fusing anyons a and b may result in different anyons c, d, ...
Define N°, = 1 if ¢ is a possible outcome, and 0 otherwise.

Remark: In general, N/, can be > 1.
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* Fusion rules
Fusing anyons a and b may result in different anyons c, d, ...
Define N°, = 1 if ¢ is a possible outcome, and 0 otherwise.

Remark: In general, N/, can be > 1.

Formally, write a®b= 69 N, c,

cel

They satisfy:

aRb=bR a 1Qb=1> (a®b)®c=a® (bX c)

N, =6;, i®b=a®b:=®,N ¢
(Z[L], & , ® ) is a unital associative ring with an involution

Example: Fib tR®Tt=1P7
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* State spaces

For a collection of anyons ¢, a;, a,, -+, a,, there are two Hilbert spaces

Vi space of physical processes of splitting ¢ into ay, **+, a,

Vgl,_,_,an : space of physical processes of fusing a;, :*+, a, into c.
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* State spaces

For a collection of anyons ¢, a;, a,, -+, a,, there are two Hilbert spaces

Vi space of physical processes of splitting ¢ into ay, **+, a,

VC

a,,-.a, - SPace of physical processes of fusing a,, **+, a,, into c.

There is a time-reverse’/adjoint operator:

a ()?L

al,..., . C
VC Val,...,an

such that ( - )" is anti-linear and involutive.

n=1:
Vcc'l — Vg — 561,C(]: — 5a,c Span{ C }
“identity’ process —
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dim V% = dim V¢, = N¢,
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n=2: dim V% = dim V¢, = N¢,

Call (a, b; c) admissible if N, = 1. In this case,

a b &
Veb = span{ Y } Vap = Spang }
C a b

/ /

splitting process fusion process
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n=2: dim V% = dim V¢, = N¢,

Call (a, b; ¢) admissible if N, = 1. In this case,

a b &
Veb = span{ Y } Vap = Spang }
C a b

/ /

splitting process fusion process

Processes can be “composed” and happen “in parallel”:

Time direction




Make the choice so that,

*;‘ C
a b C
Y = )\ NPT
C a b

42
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Make the choice so that,

i c
a b C
Y = )\ O
C a b
C

For general n, an orthonormal basis of V""" % is given by fixing a binary
tree and varying labels of internal edges:

splitting ¢ into b, _, and a,,, followed by
splitting b, _, into b, _sanda,_q, ...... ,
followed by splitting b, into a; and a,
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The adjoint gives an orthonormal basis of V; ..., :

C

ai az a3 a4 Qn

fusing a; and a, into b, followed by
fusing b, and a; into b,, ......
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Relations between different bases:

a b C a b
- 5 i

d d
F-move relating two bases of ijbc
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Relations between different bases:

a b C a b C

_ abc

- Z Fd;ya:
Yy

d d
F-move relating two bases of ijbc

Possible x-values X, -+, X;; possible y-values yy, -+, y,. Define the matrix
Fabe with (F4P©),; = F4°° . Itis unitary.

2YiXi
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Relations between different bases:

a b C a b C

_ abc

- Z Fd;ya:
Yy

d d
F-move relating two bases of ijbc

Possible x-values X, -+, X;; possible y-values yy, -+, y,. Define the matrix
Fabe with (F4P©),; = F4°° . Itis unitary.

2YiXi

Example: Fib




Consistency: Pentagon Equation
™
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Consistency: Pentagon Equation
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Consistency: Pentagon Equation

med 17abz abc axd 1bed
; : Fean,ym E :Fnasz ,ynFyzx L
€ \ Va,b,c,d,e,m,n,y, 2 €
a b C d a b C d
2 T
Y ) Y
e e
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Pentagon equations guarantee consistency of basis change regardless of
the particular sequence of F-moves.
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Pentagon equations guarantee consistency of basis change regardless of
the particular sequence of F-moves.

a b c a b cC

shorthand F
\<(2de/ — () —-()
notation

d d
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Pentagon equations guarantee consistency of basis change regardless of
the particular sequence of F-moves.

; b 2 } : 2 shorthand F
notation
Exercise: - (((+)-)-)- .

((-)-)() ((-(-+)))

/ \

() (-(+)) (-((-+)-))

\ /

(-(-(-))) (-(-(+)))



The special role of 1:

a ’ouo’a,_ ,a,,ouo’ ,ooo, . ,1, .,ooo, . .o
Vi tip@e i gng VTS b %% gre naturally identified.

a 1
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The special role of 1:

a ,ouo,a__ ,a.’ouo’ ,..., . ,1, .,ooo, . .o
Vi tip@e i gng VTS b %% gre naturally identified.

alb __
— Fc;ba =1
In fact, it follows that Fé,’bc = (1) wheneveroneofa, b, cis 1
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seta = b = 1, then
:1 n=x=oc,

a

C

"N\
V

N

Pentagon Equation

Fled = (Fledy "
l B
lcd __
Fe Cec 1




* Creation/annihilation

Creating/fusing a pair of dual anyons from/to the vacuum:

N A
1 a a
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* Creation/annihilation

Creating/fusing a pair of dual anyons from/to the vacuum:

N A
1 a a

Consider:

aaa
Fa;ll
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Similarly,

50

aaa
Fc'z;ll

Qi




Similarly,

FCZCZCZ

Renormalize creation/fusion pair to have homotopy invariance

ada\—~
— i o= Fan # 0 Let  §y = (Fuqp) ™

50

a;11
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Similarly,

— —_— aad
— — F a;11
a
Renormalize creation/fusion pair to have homotopy invariance
— 1
ada  __ aaa et = (94477
— I = i #0 Pa Faw)
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Similarly,

— —_— aad
— — F a;11
a
Renormalize creation/fusion pair to have homotopy invariance
— 1
ada  __ aaa | = (94477
— Fn = fan # 0 ot % Fatr

:
:
o
>3
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Similarly,

— —_— aad
— — F a;11
a
Renormalize creation/fusion pair to have homotopy invariance
— 1
ada  __ aaa et = (94477
— I = i #0 Pa Faw)

‘
f>

b, @

VN
NVZEZN

1
S
Q
Q

\¢/
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a — — a
a
d
a — A4 —
a a
a

Moreover,

(W

— da |—1 _
|¢a|2a a — |Fcczl;cici| — e

quantum dimension dim, a
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* Braiding

S X

counterclockwise

S H

clockwise spacetime process
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counterclockwise

S H

clockwise spacetime process
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* Braiding

S H )

counterclockwise (

S H \

clockwise spacetime process

XX

Braiding induces unitary maps:  V.©oGseG 0 s e Getin
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* Braiding

C H / \

counterclockwise (

C H \ \

clockwise spacetime process

1
LS

Braiding induces unitary maps: V. d-rde Y RRRURURRA

b K a b a
R-symbols are phases

— ba . .
a b R; \( since they are unitary

C C
R-move
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Naturality: braiding commutes with physical processes

e
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Consistency:

—OCS

a

i
Y
N

b C a
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Consistency: Hexagon Equation 1
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Consistency: Hexagon Equation 1

NS | i\
: N

X\}
Yo

AN
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b C a

[ <
Y

b C a

N
.
ba bac ca abc :Ua bca
R nmRn Z da:mR d;nx
TeL
d Va,b,c,d,m,n
\@

Consistency: Hexagon Equation 1

\ 4

—OCS
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Similarly, replacing braiding by the inverse braiding:

(RE)™IFhac (R~ = ) Fabe (R4¥)~'Fhee. Hexagon Equation 2

d;nm d;xm
xX€EL
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Similarly, replacing braiding by the inverse braiding:

(RE)™IFhac (R~ = ) Fabe (R4¥)~'Fhee. Hexagon Equation 2

d;nm d;xm
xX€EL

The Yang-Baxter Equation follows:
= K
\ N
S
\ \/
h h

1
P
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Similarly, replacing braiding by the inverse braiding:

(RE)™IFhac (R~ = ) Fabe (R4¥)~'Fhee. Hexagon Equation 2

d;nm d;xm
xX€EL

The Yang-Baxter Equation follows:
= K
\ N
S
\ \/
h h

It also follows: R = R4 = 1]

1
P

55



Similarly, replacing braiding by the inverse braiding:

(R,?,lb)_lFbac (R,flw)_l — Z Fabc (RcclzX)—lFbca

d:nm d:xm dnx
xeL

The Yang-Baxter Equation follows:
= K
\ N
S
\ \/
h h

It also follows: R = R4 = 1]

1
P

Hexagon Equation 2

Example: F1b RITT — 6—4721'/5’ R;'T — 63721'/5
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* Summary
A (multiplicity-free) unitary fusion category (UFC) is a tuple:

{L, N, ng} satisfying
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* Summary

A (multiplicity-free) unitary fusion category (UFC) is a tuple:
{L, N, FC?,[Z]C}} satisfying

- Label set constraints
- Fusion rule constraints
+ F-symbols constrains:

- Pentagon equations with unitary F-matrices
- Compatibility with unit: F%;° =1
© Compatibility with duals: F;“ﬁ = FZ“I“I += 0

A (multiplicity-free) unitary braided fusion category (UBFC) is a tuple:
{L, N, Fgf;}, R} satisfying

. {L, N, Fi%} UFGC

- Hexagon equations with unitary R-symbols
o6



A (multiplicity-free) unitary modular tensor category (UMTC) is a UBFC
with a non-degenerate S-matrix:

/zz\ 5
5 = (S“b>a,beL Sab =
a \Q/

A (multiplicity-free) anyon system is characterized by a UMTC
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* More examples

Ising
e Label set: L ={1,¢,0}; a = a.

e Fusionrules: Y @Y =1, Y0 =0,0Q0 =1 Y.
e F-matrices:

ocoo __ 1 1 1 Yo _ oo _
Fe _\/5(1 _1), FY7v = F9%7 = (1),

e R-symbols: R‘ll"’b ——1, RY =RJ¥Y=—i, RJ” =e ™/8 7 = e37/8,

Toric code

e Label set: L = Zy x Z2 ={(0,0),(1,0),(0,1),(1,1)} «—{1,e,m, f}; a = a.
e Fusion rules: a ® b = (a+b) mod 2.

e F-matrices: (1).

e R-symbols: ijb = (—=1)"%2, g = (a1,a2),b = (b1, b2) € L.
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* Some related quantities: quantum dimension

: ia |—1
dlmqa — |F3;‘i‘i|
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* Some related quantities: quantum dimension

- 1 1—1
dim, a | Fi|

Some facts:

: dlmqa = d1mqa

 fa®b =@, N, c,thendim,a dim,b= ) N, dim c

i.e. dimq . Z|L] — R is an algebra morphism invariant under bar.
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* Some related quantities: quantum dimension

qa 1—1
[Pl

d1mq a

Some facts:

: dlmqa = d1mqa

 fa®b =@, N, c,thendim,a dim,b= ) N, dim c

i.e. dimq . Z|L] — R is an algebra morphism invariant under bar.

: dimqa is the Fronenius-Perron dimension of a, that is, the largest

eigenvalue, dominating in absolute value, of the matrix Na, with
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Consider the space V[f’“""’“
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Consider the space V[f’“""’“

dim V7

Z Nbl Nfgl NZZ — ((Na)n)bb

n—1
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Consider the space Vlf o

dim V7

b b b n
Z ]\]1]\76121 Nall;n_l — ((Na) )bb

n—oo

Y dimVrera = Tr (N =5 (dim,a)"
beL
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Consider the space Vlf o

dim V24 =
b b b n
Z ]\]1]\7&[;1 Nall;n_l — ((Na) )bb
bl’" bn—l

n—oo

Y dimVrera = Tr (N =5 (dim,a)"
beL

a is called Abelian if dimqa =1, and non-Abelian if dimqa > |
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Consider the space Vlf’“"" “

dim VP

Z Nbl N2 oo N

Z dim Vlf’“""’“ = Tr (N)"

bel

Clbl abn_l

— ((Na)n)bb

n—Qoo
—>

a is called Abelian if dim_a = 1, and non-Abelianifdim a > 1

q ) q
Exercise: Fib

Fibonacci sequence {F,}: F, ., =F,+F, |, Fy=0,F =1.

dim Vf® = dim VIT®( = F, dim, 7 = +2\/§
60
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* Some related quantities: topological twist

a

W/
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* Some related quantities: topological twist

W/

a

61

dimq(a)




* Some related quantities: topological twist

dim (a) F aa

lla

a
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* Some related quantities: topological twist

dim (a) F aa

lla

a

61

a
dim,(a) \/I

Fe, dim ) R




* Some related quantities: topological twist

dimq(a)

aaa
all d

W/

a

a
dlmq(a) . \/j

_ R dima) R
1

topological twist Qa
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* Some related quantities: braid group representation

N-strand braid group

By = (o, 05 | 6,61,16; = 0,,10,0;;, 010;=00|i =]l 22)
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* Some related quantities: braid group representation

N-strand braid group

By = (o0}, .05 | 6,6110; = 0,416,0,41, 6:10;= 00,1 =]l 22)
. ®n . . .
Consider V) := V[j” . Braiding induces a unitary representation:

pin B, — U(VI)
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* Some related quantities: braid group representation

N-strand braid group

By = (o0}, .05 | 6,6110; = 0,416,0,41, 6:10;= 00,1 =]l 22)
. ®n . . .
Consider V) := V[j” . Braiding induces a unitary representation:

pin B, — U(VI)

d a d d
a a a da .. V
I D L L
| 1 i+1 n 1 1
P,f (o) T
b |b
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* UMTC in abstract category language

A UMTC is an essentially small category, that
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* UMTC in abstract category language
A UMTC is an essentially small category, that

- Is equivalent to the Cartesian product of a finite number of Hilby,
the category of finite-dimensional Hilbert spaces

i.e. C* semisimple finite Abelian category
. is monoidal with a simple tensor unit (@ , 1)

- has duals
(V, coevy: 1 > V@V, ev,: VRV - 1)

- Is endowed with a non-degenerate braiding

VRIW~~WRYV
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UMTC in abstract category language:

anyon language

category language

anyon type

simple object

multiple anyons

tensor product ®

superposition of anyons

direct sum &

al, oo ,an
state space Vb

Hom space Hom(b,q; ® - ® a,,)

physical processes

morphisms

anyon braiding

isomorphism: a®b=bQ®a

fusing rules

direct sum decomposition
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