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topological 
quantum computing 

(physics) 
topological phase of matter

(algebra) 
higher category theory

(topology) 
topological quantum field theory
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Anyons can be created, braided, and fused.

Goal:

Recall:

a1 a2 an
· · ·

Hilbert space for TQC: When we fix the positions and types of

multi (non-Abelian) anyons, the space of states has dimension > 1.

a a a a

b

Hilbert space V a,··· ,a
b

Energy gap �E > 0 )

immune to small perturbations.

Anyons can be swapped each other. In spacetime, the trajectory

produces a braid.

time

9

a b

?

Describe the theory of anyons in “completely” elementary ways with 
physics motivation.
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An anyon system is characterized by the following data.

Algebraic Description of Anyons
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An anyon system is characterized by the following data.

★ Types of anyons

L = {a, b, c, · · · }
<latexit sha1_base64="P5JAqlPUqSLZVC16FClZQRB2720=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CbYCi5KmelGN0LRjQsXFewFOkPJZDJtaCYZkoxQhrrxVdy4UMStb+HOtzFtZ6GtPwQ+/nMOJ+cPEkaVdpxvq7Cyura+UdwsbW3v7O7Z+wdtJVKJSQsLJmQ3QIowyklLU81IN5EExQEjnWB0Pa13HohUVPB7PU6IH6MBpxHFSBurbx9VbuEl9DJUDaq4Cj0cCq2gN6n07bJTc2aCy+DmUAa5mn37ywsFTmPCNWZIqZ7rJNrPkNQUMzIpeakiCcIjNCA9gxzFRPnZ7IIJPDVOCCMhzeMaztzfExmKlRrHgemMkR6qxdrU/K/WS3V04WeUJ6kmHM8XRSmDWsBpHDCkkmDNxgYQltT8FeIhkghrE1rJhOAunrwM7XrNNXxXLzeu8jiK4BicgDPggnPQADegCVoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgj6zPHxnslL0=</latexit><latexit sha1_base64="P5JAqlPUqSLZVC16FClZQRB2720=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CbYCi5KmelGN0LRjQsXFewFOkPJZDJtaCYZkoxQhrrxVdy4UMStb+HOtzFtZ6GtPwQ+/nMOJ+cPEkaVdpxvq7Cyura+UdwsbW3v7O7Z+wdtJVKJSQsLJmQ3QIowyklLU81IN5EExQEjnWB0Pa13HohUVPB7PU6IH6MBpxHFSBurbx9VbuEl9DJUDaq4Cj0cCq2gN6n07bJTc2aCy+DmUAa5mn37ywsFTmPCNWZIqZ7rJNrPkNQUMzIpeakiCcIjNCA9gxzFRPnZ7IIJPDVOCCMhzeMaztzfExmKlRrHgemMkR6qxdrU/K/WS3V04WeUJ6kmHM8XRSmDWsBpHDCkkmDNxgYQltT8FeIhkghrE1rJhOAunrwM7XrNNXxXLzeu8jiK4BicgDPggnPQADegCVoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgj6zPHxnslL0=</latexit><latexit sha1_base64="P5JAqlPUqSLZVC16FClZQRB2720=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CbYCi5KmelGN0LRjQsXFewFOkPJZDJtaCYZkoxQhrrxVdy4UMStb+HOtzFtZ6GtPwQ+/nMOJ+cPEkaVdpxvq7Cyura+UdwsbW3v7O7Z+wdtJVKJSQsLJmQ3QIowyklLU81IN5EExQEjnWB0Pa13HohUVPB7PU6IH6MBpxHFSBurbx9VbuEl9DJUDaq4Cj0cCq2gN6n07bJTc2aCy+DmUAa5mn37ywsFTmPCNWZIqZ7rJNrPkNQUMzIpeakiCcIjNCA9gxzFRPnZ7IIJPDVOCCMhzeMaztzfExmKlRrHgemMkR6qxdrU/K/WS3V04WeUJ6kmHM8XRSmDWsBpHDCkkmDNxgYQltT8FeIhkghrE1rJhOAunrwM7XrNNXxXLzeu8jiK4BicgDPggnPQADegCVoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgj6zPHxnslL0=</latexit><latexit sha1_base64="P5JAqlPUqSLZVC16FClZQRB2720=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CbYCi5KmelGN0LRjQsXFewFOkPJZDJtaCYZkoxQhrrxVdy4UMStb+HOtzFtZ6GtPwQ+/nMOJ+cPEkaVdpxvq7Cyura+UdwsbW3v7O7Z+wdtJVKJSQsLJmQ3QIowyklLU81IN5EExQEjnWB0Pa13HohUVPB7PU6IH6MBpxHFSBurbx9VbuEl9DJUDaq4Cj0cCq2gN6n07bJTc2aCy+DmUAa5mn37ywsFTmPCNWZIqZ7rJNrPkNQUMzIpeakiCcIjNCA9gxzFRPnZ7IIJPDVOCCMhzeMaztzfExmKlRrHgemMkR6qxdrU/K/WS3V04WeUJ6kmHM8XRSmDWsBpHDCkkmDNxgYQltT8FeIhkghrE1rJhOAunrwM7XrNNXxXLzeu8jiK4BicgDPggnPQADegCVoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgj6zPHxnslL0=</latexit>

Algebraic Description of Anyons
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An anyon system is characterized by the following data.

★ Types of anyons

L = {a, b, c, · · · }
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•  is called the rank of the theory.|L | < ∞

Algebraic Description of Anyons
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An anyon system is characterized by the following data.

★ Types of anyons

L = {a, b, c, · · · }
<latexit sha1_base64="P5JAqlPUqSLZVC16FClZQRB2720=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CbYCi5KmelGN0LRjQsXFewFOkPJZDJtaCYZkoxQhrrxVdy4UMStb+HOtzFtZ6GtPwQ+/nMOJ+cPEkaVdpxvq7Cyura+UdwsbW3v7O7Z+wdtJVKJSQsLJmQ3QIowyklLU81IN5EExQEjnWB0Pa13HohUVPB7PU6IH6MBpxHFSBurbx9VbuEl9DJUDaq4Cj0cCq2gN6n07bJTc2aCy+DmUAa5mn37ywsFTmPCNWZIqZ7rJNrPkNQUMzIpeakiCcIjNCA9gxzFRPnZ7IIJPDVOCCMhzeMaztzfExmKlRrHgemMkR6qxdrU/K/WS3V04WeUJ6kmHM8XRSmDWsBpHDCkkmDNxgYQltT8FeIhkghrE1rJhOAunrwM7XrNNXxXLzeu8jiK4BicgDPggnPQADegCVoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgj6zPHxnslL0=</latexit><latexit sha1_base64="P5JAqlPUqSLZVC16FClZQRB2720=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CbYCi5KmelGN0LRjQsXFewFOkPJZDJtaCYZkoxQhrrxVdy4UMStb+HOtzFtZ6GtPwQ+/nMOJ+cPEkaVdpxvq7Cyura+UdwsbW3v7O7Z+wdtJVKJSQsLJmQ3QIowyklLU81IN5EExQEjnWB0Pa13HohUVPB7PU6IH6MBpxHFSBurbx9VbuEl9DJUDaq4Cj0cCq2gN6n07bJTc2aCy+DmUAa5mn37ywsFTmPCNWZIqZ7rJNrPkNQUMzIpeakiCcIjNCA9gxzFRPnZ7IIJPDVOCCMhzeMaztzfExmKlRrHgemMkR6qxdrU/K/WS3V04WeUJ6kmHM8XRSmDWsBpHDCkkmDNxgYQltT8FeIhkghrE1rJhOAunrwM7XrNNXxXLzeu8jiK4BicgDPggnPQADegCVoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgj6zPHxnslL0=</latexit><latexit sha1_base64="P5JAqlPUqSLZVC16FClZQRB2720=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CbYCi5KmelGN0LRjQsXFewFOkPJZDJtaCYZkoxQhrrxVdy4UMStb+HOtzFtZ6GtPwQ+/nMOJ+cPEkaVdpxvq7Cyura+UdwsbW3v7O7Z+wdtJVKJSQsLJmQ3QIowyklLU81IN5EExQEjnWB0Pa13HohUVPB7PU6IH6MBpxHFSBurbx9VbuEl9DJUDaq4Cj0cCq2gN6n07bJTc2aCy+DmUAa5mn37ywsFTmPCNWZIqZ7rJNrPkNQUMzIpeakiCcIjNCA9gxzFRPnZ7IIJPDVOCCMhzeMaztzfExmKlRrHgemMkR6qxdrU/K/WS3V04WeUJ6kmHM8XRSmDWsBpHDCkkmDNxgYQltT8FeIhkghrE1rJhOAunrwM7XrNNXxXLzeu8jiK4BicgDPggnPQADegCVoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgj6zPHxnslL0=</latexit><latexit sha1_base64="P5JAqlPUqSLZVC16FClZQRB2720=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CbYCi5KmelGN0LRjQsXFewFOkPJZDJtaCYZkoxQhrrxVdy4UMStb+HOtzFtZ6GtPwQ+/nMOJ+cPEkaVdpxvq7Cyura+UdwsbW3v7O7Z+wdtJVKJSQsLJmQ3QIowyklLU81IN5EExQEjnWB0Pa13HohUVPB7PU6IH6MBpxHFSBurbx9VbuEl9DJUDaq4Cj0cCq2gN6n07bJTc2aCy+DmUAa5mn37ywsFTmPCNWZIqZ7rJNrPkNQUMzIpeakiCcIjNCA9gxzFRPnZ7IIJPDVOCCMhzeMaztzfExmKlRrHgemMkR6qxdrU/K/WS3V04WeUJ6kmHM8XRSmDWsBpHDCkkmDNxgYQltT8FeIhkghrE1rJhOAunrwM7XrNNXxXLzeu8jiK4BicgDPggnPQADegCVoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgj6zPHxnslL0=</latexit>

•  is called the rank of the theory.|L | < ∞
• The vacuum/ground state: 1 ∈ L

Algebraic Description of Anyons
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An anyon system is characterized by the following data.

★ Types of anyons

L = {a, b, c, · · · }
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•  is called the rank of the theory.|L | < ∞
• The vacuum/ground state: 1 ∈ L
• The anti-particles define an involution .                        

 is the anti-particle type of 
( ⋅ ) : L → L

ā ∈ L a

( ⋅ ) = ( ⋅ ) 1̄ = 1

Algebraic Description of Anyons
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An anyon system is characterized by the following data.

★ Types of anyons

L = {a, b, c, · · · }
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•  is called the rank of the theory.|L | < ∞
• The vacuum/ground state: 1 ∈ L
• The anti-particles define an involution .                        

 is the anti-particle type of 
( ⋅ ) : L → L

ā ∈ L a

( ⋅ ) = ( ⋅ ) 1̄ = 1

Example: Fibonacci theory Fib
L = {1, τ}, τ̄ = τ

Algebraic Description of Anyons
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★ Fusion rules

Fusing anyons  and  may result in different anyons , , …a b c d
Define  if  is a possible outcome, and 0 otherwise.Nc

ab = 1 c
Remark: In general,  can be .Nc

ab > 1
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★ Fusion rules

Fusing anyons  and  may result in different anyons , , …a b c d
Define  if  is a possible outcome, and 0 otherwise.Nc

ab = 1 c
Remark: In general,  can be .Nc

ab > 1

Roughly, UMTCs are characterized by a set of data satisfying certain rules. The rules
are to be obeyed by all anyon systems, and are also complete in the sense that any set of
data satisfying these rules determines an anyon system. A UMTC is any particular set of
data satisfying these rules, and thus corresponds to a particular anyon system.

Label set. First of all, a UMTC contains a label set

L = {a, b, c, · · · }, (121)

which describes all possible anyon types in an anyon system. L assumed to be a finite set.
There is a special type in L, denoted by 1, which represents the ground state or the vacuum.
Also, for each type a 2 L, there is a unique type ā 2 L dual to a. The ā is characterized as
the unique type such that a and ā can be combined to produce 1. It is natural to require
that

¯̄a = a, and 1̄ = 1. (122)

If ā = a, we say a is self dual.

Fusion rules. For any two types a, b 2 L, their combined type or total charge is formally
written as

a⌦ b =
M

c2L

N c
ab c, (123)

where N c
ab is a non-negative integer representing the possible ways of combining a and b

to obtain c. For simplicity, we assume N c
ab is either 0 or 1, but note that there are anyon

systems for which N c
ab could be greater than one. A theory with this property is called

multiplicity free. If N c
ab = 1, then c is called a total charge of a and b, and there is a unique

channel of combining a and b to produce a type c. We call the triple (a, b, c) admissible in
this case. We emphasize that the ‘⌦’ and ‘

L
’ in the above equation are treated as formal

operations, although they can be defined to function as what they originally mean. Also
note that some authors write ‘⇥’ and ‘

P
’ to replace ‘⌦’ and ‘

L
’, respectively. The numbers

N c
ab

0s are called fusion rules.
Some natural properties need to be satisfied for the fusion rules if they describe an anyon

system. The total charge of a and b should be the same as that of b and a. That is, formally,
a⌦ b = b⌦ a, implying

N c
ab = N c

ba, 8a, b, c. (124)

If c is a total charge of a and b, then c̄ is a total charge of ā and b̄,

N c
ab = N c̄

āb̄, 8a, b, c. (125)

The total charge of 1 and a should always be a, implying

N b
1a = �a,b, 8a, b. (126)

47

Formally, write

They satisfy:
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★ Fusion rules

Fusing anyons  and  may result in different anyons , , …a b c d
Define  if  is a possible outcome, and 0 otherwise.Nc

ab = 1 c

a⌦ b = b⌦ a
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1⌦ b = b
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(a⌦ b)⌦ c = a⌦ (b⌦ c)
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N1
ab = δā,b ā ⊗ b̄ = a ⊗ b := ⊕c Nc

ab c̄

Remark: In general,  can be .Nc
ab > 1

Roughly, UMTCs are characterized by a set of data satisfying certain rules. The rules
are to be obeyed by all anyon systems, and are also complete in the sense that any set of
data satisfying these rules determines an anyon system. A UMTC is any particular set of
data satisfying these rules, and thus corresponds to a particular anyon system.

Label set. First of all, a UMTC contains a label set

L = {a, b, c, · · · }, (121)

which describes all possible anyon types in an anyon system. L assumed to be a finite set.
There is a special type in L, denoted by 1, which represents the ground state or the vacuum.
Also, for each type a 2 L, there is a unique type ā 2 L dual to a. The ā is characterized as
the unique type such that a and ā can be combined to produce 1. It is natural to require
that

¯̄a = a, and 1̄ = 1. (122)

If ā = a, we say a is self dual.

Fusion rules. For any two types a, b 2 L, their combined type or total charge is formally
written as

a⌦ b =
M

c2L

N c
ab c, (123)

where N c
ab is a non-negative integer representing the possible ways of combining a and b

to obtain c. For simplicity, we assume N c
ab is either 0 or 1, but note that there are anyon

systems for which N c
ab could be greater than one. A theory with this property is called

multiplicity free. If N c
ab = 1, then c is called a total charge of a and b, and there is a unique

channel of combining a and b to produce a type c. We call the triple (a, b, c) admissible in
this case. We emphasize that the ‘⌦’ and ‘

L
’ in the above equation are treated as formal

operations, although they can be defined to function as what they originally mean. Also
note that some authors write ‘⇥’ and ‘

P
’ to replace ‘⌦’ and ‘

L
’, respectively. The numbers

N c
ab

0s are called fusion rules.
Some natural properties need to be satisfied for the fusion rules if they describe an anyon

system. The total charge of a and b should be the same as that of b and a. That is, formally,
a⌦ b = b⌦ a, implying

N c
ab = N c

ba, 8a, b, c. (124)

If c is a total charge of a and b, then c̄ is a total charge of ā and b̄,

N c
ab = N c̄

āb̄, 8a, b, c. (125)

The total charge of 1 and a should always be a, implying

N b
1a = �a,b, 8a, b. (126)

47

Formally, write

They satisfy:
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★ Fusion rules

 is a unital associative ring with an involution(ℤ[L], ⊕ , ⊗ )

Fusing anyons  and  may result in different anyons , , …a b c d
Define  if  is a possible outcome, and 0 otherwise.Nc

ab = 1 c

a⌦ b = b⌦ a
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N1
ab = δā,b ā ⊗ b̄ = a ⊗ b := ⊕c Nc

ab c̄

Remark: In general,  can be .Nc
ab > 1

Roughly, UMTCs are characterized by a set of data satisfying certain rules. The rules
are to be obeyed by all anyon systems, and are also complete in the sense that any set of
data satisfying these rules determines an anyon system. A UMTC is any particular set of
data satisfying these rules, and thus corresponds to a particular anyon system.

Label set. First of all, a UMTC contains a label set

L = {a, b, c, · · · }, (121)

which describes all possible anyon types in an anyon system. L assumed to be a finite set.
There is a special type in L, denoted by 1, which represents the ground state or the vacuum.
Also, for each type a 2 L, there is a unique type ā 2 L dual to a. The ā is characterized as
the unique type such that a and ā can be combined to produce 1. It is natural to require
that

¯̄a = a, and 1̄ = 1. (122)

If ā = a, we say a is self dual.

Fusion rules. For any two types a, b 2 L, their combined type or total charge is formally
written as

a⌦ b =
M

c2L

N c
ab c, (123)

where N c
ab is a non-negative integer representing the possible ways of combining a and b

to obtain c. For simplicity, we assume N c
ab is either 0 or 1, but note that there are anyon

systems for which N c
ab could be greater than one. A theory with this property is called

multiplicity free. If N c
ab = 1, then c is called a total charge of a and b, and there is a unique

channel of combining a and b to produce a type c. We call the triple (a, b, c) admissible in
this case. We emphasize that the ‘⌦’ and ‘

L
’ in the above equation are treated as formal

operations, although they can be defined to function as what they originally mean. Also
note that some authors write ‘⇥’ and ‘

P
’ to replace ‘⌦’ and ‘

L
’, respectively. The numbers

N c
ab

0s are called fusion rules.
Some natural properties need to be satisfied for the fusion rules if they describe an anyon

system. The total charge of a and b should be the same as that of b and a. That is, formally,
a⌦ b = b⌦ a, implying

N c
ab = N c

ba, 8a, b, c. (124)

If c is a total charge of a and b, then c̄ is a total charge of ā and b̄,

N c
ab = N c̄

āb̄, 8a, b, c. (125)

The total charge of 1 and a should always be a, implying

N b
1a = �a,b, 8a, b. (126)
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Formally, write

They satisfy:
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★ Fusion rules

 is a unital associative ring with an involution(ℤ[L], ⊕ , ⊗ )

Fusing anyons  and  may result in different anyons , , …a b c d
Define  if  is a possible outcome, and 0 otherwise.Nc

ab = 1 c

a⌦ b = b⌦ a
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N1
ab = δā,b ā ⊗ b̄ = a ⊗ b := ⊕c Nc

ab c̄

Example: Fib τ ⊗ τ = 1 ⊕ τ

Remark: In general,  can be .Nc
ab > 1

Roughly, UMTCs are characterized by a set of data satisfying certain rules. The rules
are to be obeyed by all anyon systems, and are also complete in the sense that any set of
data satisfying these rules determines an anyon system. A UMTC is any particular set of
data satisfying these rules, and thus corresponds to a particular anyon system.

Label set. First of all, a UMTC contains a label set

L = {a, b, c, · · · }, (121)

which describes all possible anyon types in an anyon system. L assumed to be a finite set.
There is a special type in L, denoted by 1, which represents the ground state or the vacuum.
Also, for each type a 2 L, there is a unique type ā 2 L dual to a. The ā is characterized as
the unique type such that a and ā can be combined to produce 1. It is natural to require
that

¯̄a = a, and 1̄ = 1. (122)

If ā = a, we say a is self dual.

Fusion rules. For any two types a, b 2 L, their combined type or total charge is formally
written as

a⌦ b =
M

c2L

N c
ab c, (123)

where N c
ab is a non-negative integer representing the possible ways of combining a and b

to obtain c. For simplicity, we assume N c
ab is either 0 or 1, but note that there are anyon

systems for which N c
ab could be greater than one. A theory with this property is called

multiplicity free. If N c
ab = 1, then c is called a total charge of a and b, and there is a unique

channel of combining a and b to produce a type c. We call the triple (a, b, c) admissible in
this case. We emphasize that the ‘⌦’ and ‘

L
’ in the above equation are treated as formal

operations, although they can be defined to function as what they originally mean. Also
note that some authors write ‘⇥’ and ‘

P
’ to replace ‘⌦’ and ‘

L
’, respectively. The numbers

N c
ab

0s are called fusion rules.
Some natural properties need to be satisfied for the fusion rules if they describe an anyon

system. The total charge of a and b should be the same as that of b and a. That is, formally,
a⌦ b = b⌦ a, implying

N c
ab = N c

ba, 8a, b, c. (124)

If c is a total charge of a and b, then c̄ is a total charge of ā and b̄,

N c
ab = N c̄

āb̄, 8a, b, c. (125)

The total charge of 1 and a should always be a, implying

N b
1a = �a,b, 8a, b. (126)
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They satisfy:
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★ State spaces

For a collection of anyons , there are two Hilbert spacesc, a1, a2, ⋯, an

 : space of physical processes of splitting  into Va1,⋯,an
c c a1, ⋯, an

 : space of physical processes of fusing  into .Vc
a1,⋯,an

a1, ⋯, an c
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There is a `time-reverse’/adjoint operator:

Va1,⋯,an
c

(⋅)†
⟷ Vc
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such that  is anti-linear and involutive.( ⋅ )†
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★ State spaces

For a collection of anyons , there are two Hilbert spacesc, a1, a2, ⋯, an

 : space of physical processes of splitting  into Va1,⋯,an
c c a1, ⋯, an

 : space of physical processes of fusing  into .Vc
a1,⋯,an

a1, ⋯, an c

n = 1 :

cVa
c = Vc

a = δa,cℂ = δa,c span{ }

`identity’ process

There is a `time-reverse’/adjoint operator:

Va1,⋯,an
c

(⋅)†
⟷ Vc

a1,⋯,an

such that  is anti-linear and involutive.( ⋅ )†
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n = 2 : dim Vab
c = dim Vc

ab = Nc
ab
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n = 2 : dim Vab
c = dim Vc

ab = Nc
ab

}

Call  admissible if . In this case,(a, b; c) Nc
ab = 1

Vab
c = span{

a b

c
} Vc

ab = span{
a b

c

splitting process fusion process
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n = 2 : dim Vab
c = dim Vc

ab = Nc
ab

}

Call  admissible if . In this case,(a, b; c) Nc
ab = 1

Vab
c = span{

a b

c
} Vc

ab = span{
a b

c

splitting process fusion process

Processes can be “composed” and happen “in parallel”:

a b c

d

e c

fa

Ti
m

e 
di

re
ct

io
n
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Make the choice so that,

a b

c

c′ 

c
δc,c′ =a b

c

†

= a b

c
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Make the choice so that,

a b

c

c′ 

c
δc,c′ =a b

c

†

= a b

c

For general , an orthonormal basis of  is given by fixing a binary 
tree and varying labels of internal edges:

n Va1,⋯,an
c

splitting  into  and , followed by 
splitting  into  and , ……, 
followed by splitting  into  and 

c bn−2 an
bn−2 bn−3 an−1

b1 a1 a2
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The adjoint gives an orthonormal basis of :Vc
a1,⋯,an

fusing  and  into , followed by 
fusing  and  into , ……

a1 a2 b1
b1 a3 b2
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Relations between different bases:

d

a

x

cb

=
P
y

F abc
d;yx

a

d

c

y

b

F-move relating two bases of Vabc
d
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Relations between different bases:

d

a

x

cb

=
P
y

F abc
d;yx

a

d

c

y

b

Possible -values ; possible -values . Define the matrix 
 with  . It is unitary.

x x1, ⋯, xk y y1, ⋯, yk
Fabc

d (Fabc
d )ij = Fabc

d;yixj

F-move relating two bases of Vabc
d
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Relations between different bases:

d

a

x

cb

=
P
y

F abc
d;yx

a

d

c

y

b

Possible -values ; possible -values . Define the matrix 
 with  . It is unitary.

x x1, ⋯, xk y y1, ⋯, yk
Fabc

d (Fabc
d )ij = Fabc

d;yixj

F-move relating two bases of Vabc
d

Example: Fib

Fτττ
τ = ( ϕ−1 ϕ−1/2

ϕ−1/2 −ϕ−1) ϕ = 1 + 5
2
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Figure 46: Consistency condition for F -moves.

a b

c

b a

= Rba
c
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c
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c

b a

= (Rab
c )�1

b a

c

Figure 47: (Left) A counterclockwise swap (braiding) of a and b; (Right) A clockwise swap
of a and b
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= Rba
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Figure 47: (Left) A counterclockwise swap (braiding) of a and b; (Right) A clockwise swap
of a and b
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Figure 47: (Left) A counterclockwise swap (braiding) of a and b; (Right) A clockwise swap
of a and b
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c
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= Rba
c
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c

a b

c

b a

= (Rab
c )�1

b a

c

Figure 47: (Left) A counterclockwise swap (braiding) of a and b; (Right) A clockwise swap
of a and b
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and 4 , respectively. Then following the path 1 ! 2 ! 3 , we have

| 1 ;m,ni =
X

z

Fmcd
e;zn | 2 ;m, zi

=
X

y,z

Fmcd
e;znF

abz
e;ym| 3 ; z, yi. (133)

And following the path 1 ! 5 ! 4 ! 3 , we have

| 1 ;m,ni =
X

x

F abc
n;xm| 5 ; x, ni

=
X

x,y

F abc
n;xmF

axd
e;yn| 4 ; x, yi

=
X

x,y,z

F abc
n;xmF

axd
e;ynF

bcd
y;zx| 3 ; z, yi (134)

By requiring these two sequences to give the same transformation, we arrive at the following
equation, known as Pentagon Equation.

Fmcd
e;znF

abz
e;ym =

X

x2L

F abc
n;xmF

axd
e;ynF

bcd
y;zx, 8a, b, c, d, e,m, n, y, z. (135)

In general, it is a very hard problem to solve the equation. The Pentagon Equation makes
the F -moves consistent not only for the case of four anyons a, b, c, d, but also for the case of
arbitrary n anyons. Namely, any two sequences of F -moves relating one splitting tree basis
to another give the same transformation. This is known as MacLane Coherence Theorem.

R-symbols. Consider the state (or channel) �ab
c 2 V ab

c , if we swap (or braid) a and b
counterclockwise, this should not change the total charge of a and b, but it will change �ab

c to
�ba
c times a phase denoted by Rba

c . We call Rba
c an R-symbol. Graphically, see Figure 47(Left)

for the definition of Rba
c . A clockwise braiding followed immediately by a counterclockwise

braiding should fix the initial state. Hence a clockwise braiding applied to �ab
c is equal to �ba

c

times the phase (Rab
c )�1. See Figure 47(Right). We call the transformation in either left or

right of Figure 47 an R-move. There are also consistency conditions that need to be imposed
on the R-symbols introduced below.

The e↵ect of braiding an anyon d with a followed by braiding d with b should be the
same as that of braiding d with (a, b) as a composite particle. The e↵ect of the latter should
be, in turn, the same as that of braiding of d with c if the combined pair (a, b) behaves
like c. Combining the above two assumptions, we derive the equality in Figure 48, which
means braiding commutes with the splitting process. Graphically, this means one can always
slide an edge representing a braiding process through a vertex. To see what restrictions this
equality imposes on R-symbols, consider the transformations in Figure 49. Each splitting
tree in the figure represents a basis in the space V bca

d . To convert the basis labeled by 1 to
the basis labeled by 4 , there are two sequences of F/R-moves: 1 ! 2 ! 3 ! 4 and
1 ! 6 ! 5 ! 4 . And it is natural to require these two sequences of moves produce the
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Pentagon equations guarantee consistency of basis change regardless of 
the particular sequence of F-moves. 
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Pentagon equations guarantee consistency of basis change regardless of 
the particular sequence of F-moves. 

( ⋅ ⋅ ) ⋅ F⟶ ⋅ ( ⋅ ⋅ )
d

a

x

cb

=
P
y

F abc
d;yx

a

d

c

y

b

⟹
shorthand

notation
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Pentagon equations guarantee consistency of basis change regardless of 
the particular sequence of F-moves. 

Exercise:

( ⋅ ⋅ ) ⋅ F⟶ ⋅ ( ⋅ ⋅ )
d

a

x

cb

=
P
y

F abc
d;yx

a

d

c

y

b

⟹
shorthand

notation
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The special role of :1
  and  are naturally identified.Va1,⋯,ai−1,ai,⋯,an

c Va1,⋯,ai−1,1,ai,⋯,an
c

a 1
a

=
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The special role of :1
  and  are naturally identified.Va1,⋯,ai−1,ai,⋯,an

c Va1,⋯,ai−1,1,ai,⋯,an
c

a 1
a

=

An edge labelled by  can be erased or inserted 1

⟹ Fa1b
c;ba = 1
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The special role of :1
  and  are naturally identified.Va1,⋯,ai−1,ai,⋯,an

c Va1,⋯,ai−1,1,ai,⋯,an
c

a 1
a

=

An edge labelled by  can be erased or inserted 1

⟹ Fa1b
c;ba = 1

In fact, it follows that  whenever one of  is Fabc
d = (1) a, b, c 1
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Figure 46: Consistency condition for F -moves.
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= Rba
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b a

c
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= (Rab
c )�1
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Figure 47: (Left) A counterclockwise swap (braiding) of a and b; (Right) A clockwise swap
of a and b
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set , then 
, , 

a = b = 1
m = 1 n = x = c
y = z = e

Pentagon Equation

F1cd
e;ec = (F1cd

e;ec)2

⟹
F1cd

e;ec = 1
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★ Creation/annihilation

Creating/fusing a pair of dual anyons from/to the vacuum:

a ā

1 ā a

1
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1 ā a
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a ā

1 ā a

1

Consider:
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Faāa
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a
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★ Creation/annihilation

Creating/fusing a pair of dual anyons from/to the vacuum:

a ā

1 ā a

1

Consider:

ā
1

a

a
a

1
a

ā
1

a

a
a

1
a

Faāa
a;11= =

a

Faāa
a;11ā

a

a
a

a

≡
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= =

ā

=

Similarly,

ā
1

a
1

ā ā

ā

ā
1

a
1

ā ā

ā

Fāaā
ā;11 Fāaā

ā;11

ā

aā ā

ā
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= =

ā

=

Similarly,

ā
1

a
1

ā ā

ā

ā
1

a
1

ā ā

ā

Fāaā
ā;11 Fāaā

ā;11

ā

aā ā

ā

Renormalize creation/fusion pair to have homotopy invariance

⟹ Faāa
a;11 = Fāaā

ā;11 ≠ 0 ϕa := (Faāa
a;11)− 1

2Let 
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ā

=

Similarly,

ā
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ā;11 Fāaā
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a āa := ϕa
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ā

=

Similarly,

ā
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ā

Fāaā
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ā;11 ≠ 0 ϕa := (Faāa
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a āa := ϕa aāa := ϕa

āaa := ϕa
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ā

=

Similarly,

ā
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ā ā

ā

ā
1

a
1

ā ā
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ā;11 Fāaā
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aā ā
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a
a a

a=
a

=

a
aa

a a
= =
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a
a a

a=
a

=

a
aa

a a
= =

Moreover,

= a ā|ϕa |2
a
a

|Faāa
a;11 |−1= a

a=

dimq a
≡

quantum dimension
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★ Braiding

counterclockwise 

clockwise spacetime process
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★ Braiding

counterclockwise 

clockwise spacetime process

= ≠

Braiding induces unitary maps: Va1,⋯,ai−1,ai,⋯,an
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★ Braiding

counterclockwise 

clockwise spacetime process

= ≠

Braiding induces unitary maps: Va1,⋯,ai−1,ai,⋯,an
c ⟶ Va1,⋯,ai,ai−1,⋯,an
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Figure 46: Consistency condition for F -moves.

a b

c

b a

= Rba
c

b a

c

a b

c

b a

= (Rab
c )�1

b a

c

Figure 47: (Left) A counterclockwise swap (braiding) of a and b; (Right) A clockwise swap
of a and b
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R-symbols are phases 
since they are unitary

R-move
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Naturality: braiding commutes with physical processes

=



a b

cd

a b d

=
c

cd

a b d

Figure 48: The equality shows that the splitting process commutes with braiding.
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same transformation. For the sequence 1 ! 2 ! 3 ! 4 , the transformation is given
by,

| 1 ;mi =
X

x

F abc
d;xm| 2 ; xi

=
X

x

F abc
d;xmR

xa
d | 3 ; xi

=
X

x

F abc
d;xmR

xa
d F bca

d;nx| 4 ;ni. (136)

For the sequence 1 ! 6 ! 5 ! 4 , we have

| 1 ;mi = Rba
m | 6 ;mi

=
X

n

Rba
mF bac

d;nm| 5 ;ni

=
X

n

Rba
mF bac

d;nmR
ca
n | 4 ;ni (137)

Hence we arrive at the Hexagon Equation:

Rba
mF bac

d;nmR
ca
n =

X

x2L

F abc
d;xmR

xa
d F bca

d;nx. (138)

By replacing the counterclockwise braidings in Figure 49 with clockwise braidings, we obtain
another Hexagon Equation:

(Rab
m)�1F bac

d;nm(R
ac
n )�1 =

X

x2L

F abc
d;xm(R

ax
d )�1F bca

d;nx. (139)

Again it is a theorem that the Hexagon Equations also guarantee the consistency of
braiding one anyon with a group of anyons viewed either as a single braiding with the group
or as a sequence of braidings with each member of the group.

Rigidity and quantum dimension. We introduce a convention that if in a splitting/fusion
tree an edge is labeled by the vacuum 1, then we can also erase that edge (together with
its label.) For example, see Figure 50 and 51. However, the trees in Figure 50 can also be
related by F -moves. To make the convention consistent, the involved F -moves have to equal
the identity transformation. It is not hard to see that this is equivalent to the condition,

F abc
d = (1) , whenever a, b, or c is 1. (140)

Note that if one of a, b, c is 1, then the rest two together with d need to be admissible. A
similar argument on braidings requires the condition,

R1a
a = Ra1

a = 1. (141)
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Consistency:
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Similarly, replacing braiding by the inverse braiding: 

(Rab
m )−1Fbac

d;nm(Rac
n )−1 = ∑

x∈L
Fabc

d;xm(Rax
d )−1Fbca

d;nx . Hexagon Equation 2
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The Yang-Baxter Equation follows:

=
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Similarly, replacing braiding by the inverse braiding: 

(Rab
m )−1Fbac

d;nm(Rac
n )−1 = ∑

x∈L
Fabc

d;xm(Rax
d )−1Fbca

d;nx . Hexagon Equation 2

The Yang-Baxter Equation follows:

=

It also follows: Ra1
a = R1a

a = 1

Example: Fib Rττ
1 = e−4πi/5, Rττ

τ = e3πi/5
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★ Summary

A (multiplicity-free) unitary fusion category (UFC) is a tuple:

{L, Nc
ab, Fabc

d,ef} satisfying

• Label set constraints
• Fusion rule constraints
• F-symbols constrains: 

Pentagon equations with unitary F-matrices
Compatibility with unit: 
Compatibility with duals: 

Fa1b
c;ba = 1
Faāa

a;11 = Fāaā
ā;11 ≠ 0

A (multiplicity-free) unitary braided fusion category (UBFC) is a tuple:

{L, Nc
ab, Fabc

d,ef , Rba
c } satisfying

•  UFC
• Hexagon equations with unitary R-symbols

{L, Nc
ab, Fabc

d,ef}
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A (multiplicity-free) unitary modular tensor category (UMTC) is a UBFC 
with a non-degenerate S-matrix:

a b

ba

S = (Sab)a,b∈L Sab :=

A (multiplicity-free) anyon system is characterized by a UMTC
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★ More examples

Ising

Toric code
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★ Some related quantities: quantum dimension

|Faāa
a;11 |−1dimq a ≡



59

★ Some related quantities: quantum dimension

|Faāa
a;11 |−1dimq a ≡

•

• If , then 

dimq a = dimq ā
a ⊗ b = ⊕c Nc

ab c dimq a dimq b = ∑
c

Nc
ab dimq c

i.e.  is an algebra morphism invariant under bar.dimq : ℤ[L] → ℝ

Some facts:
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★ Some related quantities: quantum dimension

|Faāa
a;11 |−1dimq a ≡

•  is the Fronenius-Perron dimension of , that is, the largest 
eigenvalue, dominating in absolute value, of the matrix , with 
dimq a a

Na
(Na)bc := Nc

ab

•

• If , then 

dimq a = dimq ā
a ⊗ b = ⊕c Nc

ab c dimq a dimq b = ∑
c

Nc
ab dimq c

i.e.  is an algebra morphism invariant under bar.dimq : ℤ[L] → ℝ

Some facts:
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Consider the space  Vb,a,⋯,a
b

dim Vb,a,⋯,a
b =

∑
b∈L

dim Vb,a,⋯,a
b = Tr (Na)n n→∞⟶ (dimq a)n

b a a a a

bn = b

n

∑
b1,⋯,bn−1

Nb1
ab Nb2

ab1
⋯ Nbn

abn−1
= ((Na)n)bb

 is called Abelian if  = 1, and non-Abelian if a dimq a dimq a > 1

Exercise: Fib
Fibonacci sequence : . {Fn} Fn+1 = Fn + Fn−1, F0 = 0, F1 = 1

dim Vτ⊗n

τ = dim Vτ⊗(n+1)
1 = Fn dimq τ = 1 + 5

2
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★ Some related quantities: topological twist
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a
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a āa

a ā
1 a
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Faāa
a;11

āa
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a ā adimq(a)

āa

a ā
1 a
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★ Some related quantities: topological twist

a

a

Faāa
a;11

āa

a
1

a ā adimq(a) Faāa
a;11 dimq(a) Rāa

1
a

=

āa

a ā
1 a

dimq(a)= =
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★ Some related quantities: topological twist

a

a

Faāa
a;11

āa

a
1

a ā adimq(a) Faāa
a;11 dimq(a) Rāa

1
a

=

≡
θatopological twist

āa

a ā
1 a

dimq(a)= =
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★ Some related quantities: braid group representation

N-strand braid group

σiσj = σjσi, | i − j | ≥ 2 ⟩BN = ⟨σ1, ⋯, σN | σiσi+1σi = σi+1σiσi+1,
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N-strand braid group

σiσj = σjσi, | i − j | ≥ 2 ⟩BN = ⟨σ1, ⋯, σN | σiσi+1σi = σi+1σiσi+1,

Consider . Braiding induces a unitary representation:Va⊗n

b := Va,⋯,a
b

ρa,n
b : Bn ⟶ U( Va⊗n

b )
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★ Some related quantities: braid group representation

N-strand braid group

σiσj = σjσi, | i − j | ≥ 2 ⟩BN = ⟨σ1, ⋯, σN | σiσi+1σi = σi+1σiσi+1,

Consider . Braiding induces a unitary representation:Va⊗n

b := Va,⋯,a
b

ρa,n
b : Bn ⟶ U( Va⊗n

b )

⋯ ⋯
1 i i+1 n

b

a a a a
⋯ ⋯

1 i i+1 n

b

a a a a

⟼ρa,n
b (σi) :
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★ UMTC in abstract category language

A UMTC is an essentially small category, that

• is equivalent to the Cartesian product of a finite number of , 
the category of finite-dimensional Hilbert spaces

Hilbfd

i.e.  semisimple finite Abelian categoryℂ∗

• is monoidal with a simple tensor unit ( ⊗ , 1)

• has duals 
(V̄, coevV : 1 → V ⊗ V̄, evV : V̄ ⊗ V → 1)

• is endowed with a non-degenerate braiding

V ⊗ W ≃ W ⊗ V
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anyon language category language

anyon type simple object

multiple anyons tensor product    

superposition of anyons direct sum

state space            Hom space 

physical processes morphisms

anyon braiding     isomorphism: 

fusing rules direct sum decomposition

Va1,⋯,an
b Hom(b, a1 ⊗ ⋯ ⊗ an)

a ⊗ b ≅ b ⊗ a

UMTC in abstract category language:

⊗

⊕


